The main aim of this paper is to continue investigate the further properties of fuzzy soft connected spaces dened in [26] . We also initiate and explore the concept of fuzzy soft locally connected spaces. We observe that every fuzzy soft locally connected space need not be fuzzy soft connected space. Moreover, we discuss its properties in general as well as with respect to fuzzy soft components. Examples are also provided to clarify and validate the dened notions. We believe that the ndings in this paper will be the inspiration for many researchers and will yield more natural results towards applications in information science, decision making and medical diagnosis problems.
Introduction
It is usual to deal with uncertainties and imprecise data in various situations of different aspects of systems and its subsystems. So the mathematical tool was required to solve dierent types of complicated problems in real life problems such as sociology, economics, engineering, computer and medical sciences etc. with the issues of uncertainties and ambiguities. Fuzzy set theory initiated and studied by Zadeh [46] proved to be an important mathematical tool to solve dierent types of complicated problems having uncertainties in real life problems with ambiguous environment. Now a days, both mathematician and computer scientists are applying this theory, not limited to such as fuzzy control systems, fuzzy automats, fuzzy logic, fuzzy topology etc. The contribution of dierent theories such as probability theory, rough set theory, vague set theory, interval mathematics theory and fuzzy set theory handled such problems associated with uncertainties but have their own inherent diculties and limitations to deal with them. Moreover, these theories require the pre specication of some initial parameter to start. In [34] , Molodtsov initiated soft sets as a new and enough approach for modelling the complicated problems with uncertainties, which resolved the problem of inadequacy of parameters. Now a days, many researchers including: mathematicians, computer scientists, economists, engineers and medical scientists are working widely in this topic and it has become the complete area of research to attract the attention of scientists. The research work and application of soft set theory in decision making, demand analysis, forecasting, information science, computer science, engineering, medical sciences and other elds of science are observed and studied in [3] , [8] , [9] [10] , [13] , [15] [16] , [28] , [30] [31] , [35] [36] , [38] , [43] , [48] . In [40] , Shabbir and Naz initiated and discussed soft topological spaces. Further properties, results, structures, mappings and improvements in concepts of soft topological spaces have been studied in [2] , [5] [6] , [17] [18] [19] [20] [21] , [23] . In [32] , Maji and Biswas generalized the soft sets and introduced fuzzy soft sets. The fuzzy soft set theoretic approach to decision making problems is observed by Z. Kong et. al [29] . Chang [4] dened and explored the basic properties of fuzzy topological spaces. In [41] , Tanay and Kandemir dened and discussed the topological structures of fuzzy soft sets. Varol and Aygun [42] initiated fuzzy soft topology. Further structures of fuzzy soft sets and fuzzy soft topology and its applications are explored in [1] , [7] , [11] [12] , [14] , [22] , [24] [25] [26] [27] , [33] , [37] , [39] , [43] [44] .
2. Preliminaries 2.1. Denition. [46] A fuzzy set f on X is a mapping f : X → I = [0, 1]. The value f (x) represents the degree of membership of x ∈ X in the fuzzy set f , for x ∈ X.
2.2. Denition. [34] Let X be an initial universe and E be a set of parameters. Let P (X) denotes the power set of X and A be a non-empty subset of E. A pair (F, A) is called a soft set over X, where F is a mapping given by F : A → P (X). In other words, a soft set over X is a parameterized family of subsets of the universe X. For e ∈ A, F (e) may be considered as the set of e-approximate elements of the soft set (F, A).
Denition. [32] Let I
X denotes the set of all fuzzy sets on X and A ⊆ X. A pair (f, A) is called a fuzzy soft set over X, where f : A → I X is a function. That is, for each a ∈ A, f (a) = fa : X → I, is a fuzzy set on X.
2.4. Denition. [32] For two fuzzy soft sets (f, A) and (g, B) over a common universe X, we say that (f, A) is a fuzzy soft subset of (g, B) if (1) A ⊆ B and (2) for all a ∈ A, fa ≤ ga; implies fa is a fuzzy subset of ga. We denote it by (f, A)≤(g, B). (f, A) is said to be a fuzzy soft super set of (g, B), if (g, B) is a fuzzy soft subset of (f, A). We denote it by (f, A)≥(g, B).
2.5. Denition. [32] Two fuzzy soft sets (f, A) and (g, B) over a common universe X are said to be fuzzy soft equal, if (f, A) is a fuzzy soft subset of (g, B) and (g, B) is a fuzzy soft subset of (f, A).
2.6. Denition. [32] The union of two fuzzy soft sets of (f, A) and (g, B) over the common universe X is the fuzzy soft set (h, C), where C = A ∪ B and for all c ∈ C,
We write (f, A)∨(g, B) = (h, C).
2.7. Denition. [32] The intersection (h, C) of two fuzzy soft sets (f, A) and (g, B) over a common universe X , denoted (f, A)∧(g, B), is dened as C = A ∩ B, and hc = fc ∧ gc, for all c ∈ C.
2.8. Denition. [32] The dierence (h, C) of two fuzzy soft sets (f, A) and (g, B) over
c .
For our convenience, we will use the notation fA for fuzzy soft set instead of (f, A) in the sequel.
2.9. Denition. [41] Let τ be the collection of fuzzy soft sets over X, then τ is said to be a fuzzy soft topology on 2.10. Denition. [42] Let (X, τ, A) be a fuzzy soft topological space over X and fA be a fuzzy soft set over X. Then (1) fuzzy soft interior of fuzzy soft set fA over X is denoted by (fA)
• and is dened as the union of all fuzzy soft open sets contained in fA. Thus (fA)
• is the largest fuzzy soft open set contained in fA.
(2) fuzzy soft closure of fA, denoted by fA is the intersection of all fuzzy soft closed super sets of fA. Clearly fA is the smallest fuzzy soft closed set over X which contains fA. 
for all y ∈ B. fpu(fA) is known as a fuzzy soft image of a fuzzy soft set fA.
(2) Let gB be a fuzzy soft set in F (Y, B). Then the inverse image of gB under fpu, written as f 2.14. Denition. [22] A fuzzy soft set fA is said to be a fuzzy soft point in (X, τ, A)
denoted by e(fA), if for the element e∈A, f (e)˜ =0 and f (e c )=0, for all e c ∈A\{e}. In the above denition, if we take1A instead of fA, then (X, τ, A) is called fuzzy soft disconnected space and the pair of fuzzy soft sets gA and kA is said to be the fuzzy soft disconnection of (X, τ, A).
3.2. Example. Let X = {h1, h2, h3}, A = {e1, e2} and τ = {0,1, (fA)1, (fA)2, (fA)3, (fA)4} where (fA)1, (fA)2, (fA)3, (fA)4 are fuzzy soft sets over X, dened as follows
Then τ is a fuzzy soft topology on X and hence (X, τ, A) is a fuzzy soft topological space over X. Consider the fuzzy soft sets gA and kA over X dened by
That is, gA = {{h1, h0.5, h0.6}, {h0.6, h0.7, h1}}, and kA = {{h0.3, h0, h0.1}, {h0.2, h0.3, h0.1}}. Then kA is fuzzy soft disconnected set because there exist two proper fuzzy soft open subsets (fA)1, (fA)2 such that kA≤(fA)1˜ (fA)2 and (fA)1˜ (fA)2=0A. But gA is fuzzy soft connected set because there do not exist such two proper fuzzy soft open sets in (X, τ, A).
3.3. Example. Let X = {h1, h2, h3}, A = {e1, e2} and τ = {0,1, (fA)1, (fA)2}, where (fA)1, (fA)2 are fuzzy soft sets over X, dened as follows f1(e1)(h1) = 0.4, f1(e1)(h2) = 0.3, f1(e1)(h3) = 0.2, f1(e2)(h1) = 0.2, f1(e2)(h2) = 0.1, f1(e2)(h3) = 0.3, f2(e1)(h1) = 0.6, f2(e1)(h2) = 0.7, f2(e1)(h3) = 0.8, f2(e2)(h1) = 0.8, f2(e2)(h2) = 0.9, f2(e2)(h3) = 0.7, Then τ is a fuzzy soft topology on X and hence (X, τ, A) is a fuzzy soft topological space over X. Clearly (X, τ, A) is fuzzy soft connected, since there do not exist two proper fuzzy soft open sets gA and kA such that1A≤gA˜ kA and gA˜ kA=0A.
3.4. Denition. Let (X, τ, A) be a fuzzy soft topological space over X and fA, gA are two fuzzy soft sets over X. Then fA and gA are fuzzy soft disjoint, if fA˜ gA=0A. That is, 0 = f (e) g(e), for all e ∈ A.
3.5. Denition. Let (X, τ, A) be a fuzzy soft topological space over X and fA be a nonempty fuzzy soft subset over X. Theñ τ f A= {vA˜ fA, where vA is f uzzy sof t open set inX} is said to be the fuzzy soft relative topology on fA and (fA,τ f A , A) is called a fuzzy soft subspace of (X, τ, A).
3.6. Theorem. If (X, τ, A) be a fuzzy soft T2-space and vA be a nonempty fuzzy soft subset of (X, τ, A) containing nite number of fuzzy soft points, then vA is fuzzy soft closed.
Proof. Let us take vA= {e(gA)}. Now we show that vA is fuzzy soft closed. If e(fA) is a fuzzy soft point of (X, τ, A) dierent from e(gA), then e(gA) and e ( fA) have disjoint fuzzy soft nbds hA and kA, respectively. Since hA does not fuzzy soft intersect {e(fA)}, fuzzy soft point e ( gA) cannot belong to the fuzzy soft closure of the set {e(fA)}. As a result, the fuzzy soft closure of the fuzzy soft set {e(gA)} is {e(gA)} itself and so it is fuzzy soft closed. Since e(gA) is arbitrary fuzzy soft point, this is true for all fuzzy soft subsets of (X, τ, A) containing nite number of fuzzy soft points. Hence the proof. (⇐) Suppose that there does not exist nonempty proper fuzzy soft subset of (X, τ, A) which is both fuzzy soft open and fuzzy soft closed in (X, τ, A) . Suppose on the contrary that (X, τ, A) is fuzzy soft disconnected, then there exist pair fA and gA of nonempty fuzzy soft open sets such that fA˜ gA=1A and fA˜ gA=0A. Since fA=g c A and gA=f c A , then fA and gA are fuzzy soft closed as well. Thus by hypothesis, either fA=1A and gA=0A or gA=1A and fA=0A. This contradicts the fact that both fA and gA are nonempty. Thus (X, τ, A) is fuzzy soft connected. This completes the proof.
Similarly we have the following theorem.
3.8. Theorem. A fuzzy soft topological space (X, τ, A) is fuzzy soft disconnected if and only if there exists nonempty proper fuzzy soft subset fA of (X, τ, A) which is both fuzzy soft open and fuzzy soft closed in (X, τ, A).
3.9. Theorem. Let hA be a fuzzy soft connected subspace with respect to fuzzy soft relative topology of fuzzy soft topological space (X, τ, A) and the pair of fA and gA be the fuzzy soft disconnection of (X, τ, A) . Then hA≤fA or hA≤gA.
Proof. Suppose on the contrary that neither hA˜ fA nor hA˜ gA. Then hA˜ fA and hA˜ gA are both nonempty fuzzy soft disjoint with (hA˜ fA)≤hA and (hA˜ gA)≤hA such that (hA˜ fA)˜ (hA˜ gA)=hA. This implies that the pair of hA˜ fA and hA˜ gA is a fuzzy soft disconnection for hA. A contradiction. Hence the proof.
3.10. Theorem. Let gA be a fuzzy soft connected subset of a fuzzy soft topological space (X, τ, A) and fA be fuzzy soft subset of (X, τ, A) such that gA≤fA≤gA. Then fA is fuzzy soft connected.
Proof. To prove our result, it is enough to prove that gA is fuzzy soft connected. We suppose contrarily that gA is fuzzy soft disconnected. Then there exists a pair of hA and kA of fuzzy soft sets which forms the fuzzy soft disconnection of gA. That is, there are (hA˜ gA), (kA˜ gA) fuzzy soft open sets in gA such that (hA˜ gA)˜ (kA˜ gA)=(hA˜ kA)˜ gA=0A, and (hA˜ gA)˜ (kA˜ gA)=(hA˜ kA)˜ gA=gA. This implies that pair (hA˜ gA) and (kA˜ gA) of fuzzy soft sets is a fuzzy soft disconnection of gA. This contradiction proves the theorem.
3.11. Corollary. If fA is fuzzy soft connected subspace with respect to fuzzy soft relative topology of a fuzzy soft topological space (X, τ, E), then fA is fuzzy soft connected. is fuzzy soft disconnected. This contradiction proves that fA has a nonempty fuzzy soft boundary. Conversely, suppose that (X, τ, A) is fuzzy soft disconnected. Then by Theorem 3.8, (X, τ, A) has a proper fuzzy soft subset fA which is both fuzzy soft closed and fuzzy soft open. Then (fA)=(fA), (fA) c= (fA) c and (fA)˜ (fA) c=0 A. So fA has empty fuzzy soft boundary, a contradiction. Hence (X, τ, A) is fuzzy soft connected. This completes the proof.
3.13. Theorem. Let {fA i : i ∈ I} be a collection of fuzzy soft connected fuzzy soft subspaces with respect to fuzzy soft relative topology of fuzzy soft topological space and i∈I fA i=0 A , then1A= i∈I fA i is fuzzy soft connected.
Proof. Contrarily suppose that1A= i∈I fA i is fuzzy soft disconnected and let the pair of hA and kA be a fuzzy soft disconnection. Since fA i is fuzzy soft connected then by Theorem 3.9, fA i≤ hA or fA i≤ kA . Also i∈I fA i˜ =0A implies that all fA i contained in hA or kA . That is1A= i∈I fA i is contained either in hA or kA. If1A≤hA, then kA=0A and if 1A≤kA, then hA=0A. A contradiction. Thus1A= i∈I fA i is fuzzy soft connected. Hence the proof.
Fuzzy soft locally connected spaces
Here we initiate and explore the concept of fuzzy soft locally connected spaces. Moreover we discuss its properties in general as well as with respect to newly dened concept of fuzzy soft component. (X, τ, A) be a fuzzy soft topological space. Then (X, τ, A) is said to be fuzzy soft locally connected at fuzzy soft point e(fA), if for fuzzy soft point e(fA) in (X, τ, A) and any fuzzy soft open nbd gA of e(fA), there exist a fuzzy soft open fuzzy soft connected set hA such that e(fA)∈hA≤gA.
Denition. Let

4.2.
Example. Let X be any universal set, A be the set of any parameters and τD is a fuzzy soft discrete topology on X, then (X, τD, A) is a fuzzy soft discrete topological space over X. Clearly (X, τD, A) is fuzzy soft locally connected space. Because, if we take any fuzzy soft point e(fA) in (X, τD, A) and gA any fuzzy soft open nbd of e(fA) such that hA={e(fA)}. Then hA is fuzzy soft open fuzzy soft connected set with e(fA)∈hA≤gA.
In the following example, we observe that fuzzy soft locally connected space does not imply fuzzy soft connected space. 4 .3. Example. Let X = {h1, h2, h3}, A = {e1, e2} and τ = {0,1, (fA)1, (fA)2}, where (fA)1, (fA)2 are fuzzy soft sets over X, dened as follows
Clearly τ is a fuzzy soft topology on X and hence (X, τ, A) is a fuzzy soft topological space over X. Then (X, τ, A) is fuzzy soft locally connected. If we take the fuzzy soft point e(fA)={{h1, h0, h1}} and gA={{h1, h0, h1}, {h0, h1, h0}} or1A, which is fuzzy soft open nbd of e(fA) also take kA={{h1, h0, h1}, {h0, h1, h0}}. Then kA is fuzzy soft open fuzzy soft connected and e(fA)∈kA≤gA. Also if we take the fuzzy soft point e(fA)={{h0, h1, h0}} and gA={{h0, h1, h0}, {h1, h0, h1}} or1A, which is fuzzy soft open nbd of e(fA) also take kA={{h0, h1, h0}, {h1, h0, h1}}. Then kA is fuzzy soft open fuzzy soft connected and e(fA)∈kA≤gA. Moreover, (X, τ, A) is not fuzzy soft connected. We show that fA is fuzzy soft locally connected. Given e(gA)∈fA and an arbitrary fuzzy soft open nbd vA of e(gA) in fA. Then vA is also fuzzy soft open nbd in (X, τ, A) . Since (X, τ, A) is fuzzy soft locally connected, then there exists fuzzy soft open fuzzy soft connected nbd v0 A of e(gA) such that e(gA)∈v0 A≤ vA . In this way, v0 A is also fuzzy soft open connected nbd of e(gA) in fA such that e(gA)∈v0 A≤ vA≤fA. Therefore, e(gA)∈v0 A≤ fA. Thus fA is fuzzy soft locally connected. Hence the proof. 4.5. Denition. Let (X, τ, A) be a fuzzy soft topological space and fA be fuzzy soft subset in (X, τ, A) . Then fA is said to be a fuzzy soft component in (X, τ, A) , if it is maximal fuzzy soft connected subset of (X, τ, A). Proof. (1) Let fA be a fuzzy soft component in (X, τ, A) , then by Corollary 3.11, fA is fuzzy soft connected. Since fA is maximal fuzzy soft connected, then fA≤fA. Also fA≤fA . Thus fA=fA. This follows that fA is fuzzy soft closed. (2) Let fA be a nonempty fuzzy soft connected subset of (X, τ, A) which is both fuzzy soft open and fuzzy soft closed. Suppose on the contrary that fA is not fuzzy soft component. Then fA≤kA, where kA is some fuzzy soft component in (X, τ, A) . But kA=(kA˜ fA)˜ [kA˜ f Proof. Since (X, τ, A) is fuzzy soft locally connected, for each e(gA)∈fA, taking (h e(g A ) )A=1A, there exists a fuzzy soft open fuzzy soft connected set (k e(g A ) )A such that e(gA)∈(k e(g A ) )A≤1A. Since fA is fuzzy soft component, then by the fuzzy soft maximality, (k e(g A ) )A≤fA. Now fA=˜ Proof. (1) ⇒ (2) Suppose that (X, τ, A) is fuzzy soft locally connected space. Let fA be a fuzzy soft open set in (X, τ, A) and let hA be the fuzzy soft component of fA in (X, τ, A) . We prove that hA is fuzzy soft open. Let e(gA)∈hA. Now hA≤fA implies that e(gA)∈fA. Since (X, τ, A) is fuzzy soft locally connected, then there exist a fuzzy soft open connected set vA in (X, τ, A) such that e(gA)∈vA≤fA. As e(gA)∈hA and hA is the maximal fuzzy soft connected subset of fA such that e(gA)∈fA. Thus we have vA≤hA. Hence e(gA)∈vA≤hA, where vA is fuzzy soft open set in (X, τ, A) . This follows that hA is fuzzy soft open in (X, τ, A). (X, τ, A) . To show that (X, τ, A) is fuzzy soft locally connected, let e(gA) be fuzzy soft point in (X, τ, A) and fA be a fuzzy soft open nbd of (X, τ, A). Let hA be a fuzzy soft component of fA such that e(gA)∈fA . Then hA is fuzzy soft connected and by (2) Since (X, τ, A) is fuzzy soft locally connected , therefore by Theorem 4.7, (g (e(f A )) )A is fuzzy soft open in (X, τ, A) . Since (g (e(f A )) )A is fuzzy soft connected in f −1 pu (vB) and fpu is fuzzy soft pu-continuous, so fpu((g (e(f A )) )A) is fuzzy soft connected in fpu(f −1 pu (vB))=vB. Since fpu(e(fA))∈fpu((g (e(f A )) )A) and also fpu(e(fA))∈hB, by the maximality of hB, fpu((g (e(f A )) )A)≤hB. Hence (g (e(f A )) )A≤f 
